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Abstract
A module is called generalized Hopfian (gH) if any of its surjective endomorphisms
has a small kernel. Such modules are in a sense dual to weakly co-Hopfian modules that
were defined and extensively studied in [A. Haghany, M.R. Vedadi, J. Algebra 243 (2001)
765–779]. Several equivalent formulations are given for gH modules and used in their
study. Generalized Hopfian modules form a proper subclass of Dedekind finite modules,
but this subclass is rather large in that it properly contains Hopfian, and in particular
Noetherian modules, as well as Artinian modules and modules with finite dual Goldie
dimension. For quasi-projective modules, the properties Dedekind finite, Hopfian and gH
are all equivalent, yielding a ring R stably finite iff all finitely generated free R modules
are gH. The gH property is shown to be a Morita invariant, and rings are characterized
over which all finitely generated modules are gH. Some other classes of rings are also
studied. These rings satisfy one of the conditions: all right ideals are gH; all annihilator
right ideals are small (right domain); all left regular elements have small right annihilators
(right directly finite). We will show: right domain ⇒ right directly finite ⇒ directly finite
and these cannot be reversed. These results are by products of the study of special gH
modules.
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1. Modules with small epimorphisms
Throughout rings will have unit elements and modules will be unitary. Let
R be a ring and MR a right R-module. If every surjective R-endomorphism
of M is an isomorphism, one calls M Hopfian. The concept of Hopficity has
been investigated by several authors; see, e.g., [1,2,4–6,11,12,14]. We say M is
generalized Hopfian (gH for short) if any surjective R-endomorphism f of M
has a small (or superfluous) kernel in M , denoted by Kerf  M . The reader
is referred to [13] for a discussion of small submodules, and to [8,13] for the
standard terminology and results.
Theorem 1.1. The following are equivalent conditions on a right R-module M .
(1) M is gH.
(2) For any surjective endomorphism f of MR , if N M , then f−1(N)M .
(3) If N MR and there is an R-epimorphism M/N →M , then N M .
(4) If N is a proper submodule of M and if f is a surjective endomorphism of M
then f (N) =M .
(5) M is Dedekind finite and the kernel of any surjective endomorphism of M is
either small or a direct summand.
(6) There exists a fully invariant small submodule N of M such that M/N is gH.
(7) For any right R-module X if there is an epimorphism M →M ⊕ X, then
X = 0.
Proof. We shall prove (1)⇒ (2)⇒ (3)⇒ (4)⇒ (5)⇒ (1)⇔ (6), and (1)⇔ (7).
(1) ⇒ (2). Let f :M → M be an R-epimorphism and N  M . If L
is a submodule of M containing Kerf with f−1(N)/Kerf + L/Kerf =
M/Kerf , then f−1(N) + L = M , hence N + f (L) =M , giving f (L) =M .
This means f (L) = f (M), which in turn implies L =M because Kerf ⊆ L.
Therefore f−1(N)/Kerf is a small submodule of M/Kerf . Since Kerf M
we deduce that f−1(N)M .
(2) ⇒ (3). Suppose that f :M/N → M is an epimorphism. Then fπ
is a surjective endomorphism of M , where π :M → M/N is the canonical
epimorphism. By (2), Kerfπ = (f π)−1(0) is a small submodule of M . Since
N Kerf π we deduce that N M .
(3)⇒ (4). Let N be a proper submodule ofM and f :M→M an epimorphism
with f (N) = M . Then M = Kerf + N ; moreover f¯ :M/Kerf → M is an
epimorphism, hence Kerf  M by (3). Thus N = M , which contradicts the
hypothesis.
(4) ⇒ (5). First we show below that End(M) is a directly finite ring, hence
M will be a Dedekind finite module. So suppose fg = 1 where f and g are in
End(M). Clearly g is injective and f is surjective. Since f (Img) =M , by (4)
we deduce that Img =M , and so g is invertible. It follows that gf = 1. Next,
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suppose h :M → M is an epimorphism. If Kerh + N = M for some N M ,
then h(N)=M , and so by (4), N =M . We have shown that KerhM .
(5) ⇒ (1). Let f :M →M be an epimorphism whose kernel is not a small
submodule of M . Thus by (5) there is L M with L ⊕ Kerf =M . Thus we
obtain M M/Kerf  L, and therefore M ⊕Kerf M . Since M is assumed
Dedekind finite the last isomorphism implies that Kerf = 0, a contradiction. Thus
Kerf M .
(1) ⇒ (6). This is trivial, just take N = 0.
(6)⇒ (1). Suppose that N is a fully invariant submodule such that N M and
M/N is gH. Let f :M→M be an epimorphism. Then f¯ :M/N →H/N given
by f¯ (m+N) = f (m)+N is a well-defined epimorphism with Ker f¯ M/N .
Suppose Ker f¯ = L/N for some appropriate submodule L of M . Then L/N 
M/N and N  M , hence LM by [13, 19.3]. Since Kerf  L, we obtain
Kerf M .
(1) ⇒ (7). Let f :M→M ⊕X be an epimorphism. Then π1f :M→M is an
epimorphism where π1 denotes the projection onto the first component. By (1) we
have Kerπ1f = f−1(ı(X))M , where ı :X→X⊕M is the natural injection.
Now
ı(X)= f [f−1(ı(X))]= f (Kerπ1f ) f (M)=M ⊕X
by [13, 19.3], hence X = 0.
(7) ⇒ (1). Let f :M →M be an epimorphism, and suppose Kerf + L=M
for some LMR . Then
M/L ∩Kerf = Kerf/L ∩Kerf ⊕L/L ∩Kerf M/L⊕M/Kerf
 M/L⊕M.
Thus the rule m → (m+L,f (m)) defines an epimorphism M→M/L⊕M , and
so by assumption M/L= 0, i.e., L=M . Thus Kerf M . ✷
Corollary 1.2. Let MR be a gH module and f a surjective endomorphism of M .
(i) If N MR , we have N M iff f (N)M iff f (N)M .
(ii) Jac(M)=∑f (N) =∑f−1(N) where N runs through the set of all small
submodules of M .
Corollary 1.3. A direct summand of a gH module is a gH module.
Corollary 1.4. For a right R-module M consider the following statements.
(i) M is Hopfian.
(ii) M is gH.
(iii) M is Dedekind finite.
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Then (i) ⇒ (ii) ⇒ (iii). If M is quasi-projective then all there statements are
equivalent.
Proof. Trivially (i) ⇒ (ii), and (ii) ⇒ (iii) by Theorem 1.1. It is well
known that quasi-projectivity with Dedekind finiteness implies Hopficity, but for
completeness a proof is given. If f :M→M is an epimorphism then there is an
endomorphism g of M with fg = 1. Since End(M) is a directly finite ring we
obtain gf = 1. Thus f is an isomorphism, and M is Hopfian. ✷
Remark 1.5. A direct sum of gH modules need not be a gH module. Let R denote
the classical example of a directly finite ring such that Mat2×2(R) is not directly
finite; see [8, p. 19]. Then the free right R-module R2 is not Dedekind finite since
its endomorphism ring is not directly finite. While RR is gH, R2R fails to be gH by
Corollary 1.4.
Corollary 1.6. R is a stably finite ring iff all finitely generated free right R-
modules are gH iff all finitely generated free left R-modules are gH.
Proof. Recall that for a ring S, we have SS is Hopfian iff SS is Hopfian iff S is
directly finite. Now apply [8, (1.7) Proposition] and Corollary 1.4. ✷
The following examples show that Hopfian modules form a proper subclass of
gH modules, and that not every Dedekind finite module is gH.
Examples 1.7. (i) Let p be a prime integer and G =⊕n1 Zpn , where Zpn is
the cyclic group of order pn. For each n  2 we have an obvious epimorphism
ϕn :Zpn → Zpn−1 sending the coset x+pnZ to x+pn−1Z. Set ϕ1 :Zp → 0, and
define ϕ :G→G by
ϕ
(
(m1,m2, . . . ,mk,0, . . . ,0, . . .)
)= (ϕ1(0), ϕ2(m2), . . . , ϕk(mk),0, . . .
)
.
Clearly ϕ is an epimorphism of the Abelian group G with Kerϕ = Zp ⊕∑
n2⊕pn−1Zpn , which is not small in G. Thus G is not a gH object in Mod-Z.
However, G is a Dedekind finite Z-module: suppose not; then G=G1⊕G2 with
G1 = 0 and G2 G. By [3, Theorem 18.1], G1 is a direct sum of cyclic groups
of prime power orders. Thus we can write G1 = L1 ⊕ L2 with L1  Zpm for
some m. Since G2  G, we have G2 = K1 ⊕ K2 with K1  Zpm . Thus G =
L1 ⊕ L2 ⊕K1 ⊕K2 which contradicts the fact that in the direct decomposition
G = Zp ⊕ Zp2 ⊕ · · · , there is a unique direct summand of order pm; see
[3, Theorem 17.4].
(ii) Let G= Zp∞ . Since in G every proper subgroup is small we see that G is
a gH Abelian group. However G is not Hopfian since multiplication by p induces
an epimorphism of G which is not an isomorphism.
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Proposition 1.8. If MR is a quasi-projective module then M is gH iff so is M/N
for any small submodule N of M .
Proof. The “if” part follows immediately by taking N = 0. So assume that M
is gH and let N  M . If f :M/N → M/N is an epimorphism, then using
the canonical epimorphism π :M → M/N we have f π :M → M/N , and by
the quasi-projectivity of M there exists an endomorphism g of M such that
πg = f π . This equality implies that g is epic by [13, 19.2], as π is superfluous.
By Corollary 1.4, M is Hopfian, hence g is an isomorphism. We have
f (x +N)= f π(x)= πg(x)= g(x)+N,
thus g(N)N , and Kerf = L/N where
L= {x ∈M: g(z) ∈N}= g−1(N).
Since g−1 is a homomorphism and N M , we have g−1(N)M , consequently
Kerf = g−1(N)/N M/N . Therefore M/N is gH. ✷
Corollary 1.9. (i) If M is finitely generated quasi-projective then M is gH iff so
is M/ Jac(M).
(ii) R is directly finite iff (R/ Jac(R))R is gH.
Proof. Jac(M) is a fully invariant submodule of M , and since M is assumed
finitely generated we have Jac(M)M . Thus (i) is immediate from Proposi-
tion 1.8 and Theorem 1.1.
(ii) Let S =R/ Jac(R). By taking M =R in (i) we have RR is gH iff SR is gH
iff SS is gH. In fact (ii) confirms the well-known fact that R is directly finite iff so
is S. ✷
Corollary 1.10. Let M be quasi-projective, N and L submodules of M such that
N +L=M and N ∩LM . Then M/N and M/L are gH.
Proof. We have M/N ∩L=N/N ∩L⊕L/N ∩L. By Proposition 1.8,M/N ∩L
is gH, hence so is its direct summand N/N ∩ L  N + L/L =M/L. Similarly
M/N is gH. ✷
Note that if N is a submodule with a supplement L in M then the conditions
stated in Corollary 1.10 will hold.
Proposition 1.11. Suppose that M/N is gH whenever N is a nonzero submodule
of M . Then M is gH.
Proof. If M is Hopfian, there is nothing to prove. Otherwise there is a nonzero
submodule N with M/N  M . Since M/N is gH by assumption then so
is M . ✷
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Proposition 1.12. Let M be quasi-projective with a projective cover α :P →M
in Mod-R. Then M is gH iff so is P .
Proof. The kernel of the epimorphism α is small, and a fully invariant submodule
of P because M is quasi-projective. If M is gH then so is P/Kerα, hence by
Theorem 1.1, P is gH. Converse follows from Proposition 1.8 (without requiring
M to be quasi-projective). ✷
Proposition 1.13. Let R be stably finite and M a finitely generated right R-
module with a projective cover. Then M is gH.
Proof. Suppose α :P →M is a projective cover for M . Then P is finitely gen-
erated projective, hence a direct summand of a finitely generated free R-module.
By Corollaries 1.3 and 1.6, P is gH, hence so is M by Proposition 1.12. ✷
Our next result deals with dual Goldie dimension, and for convenience of the
reader, we recall from [10] that an R-module M is said to have dual Goldie
dimension, or corank  k if there exist nonzero modules N1, . . . ,Nk and a
surjection M →∏ki=1 Ni . For a nonzero module M , we write corankM = n if
corankM  n and it is not true that corankM  n+ 1. If corankM  k for all k,
then we set corankM =∞. Finally corank of the zero module is defined to be
zero.
If corank M = k and g :M → ∏ki=1 Ni , is a surjection with each Ni = 0,
then each Ni is a hollow module (i.e, a nonzero module in which every proper
submodule is small), and KergM .
Proposition 1.14. Any module of finite corank is gH.
Proof. Let f :M →M be an epimorphism, and suppose corankM = k. There
exist nonzero modules Ni and a surjection φ :M → ∏ki=1Ni . Since g =
ϕf :M→∏ki=1 Ni is an epimorphism, we have KergM . But Kerf  Kerg,
hence Kerf M . Therefore M is gH. ✷
Proposition 1.15. A nonzero module that satisfies d.c.c. on nonsmall submodules
is gH.
Proof. Suppose that M is a module satisfying d.c.c. on nonsmall submodules. If
M is not gH, then by Proposition 1.14, corankM is not finite, hence M is not
a module of finite spanning dimension by [10, Theorem 4.7]. This means that
there exists a strictly decreasing chain of nonsmall submodules, contradicting our
assumption. Thus M must be gH. ✷
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Proposition 1.16. Let N be a fully invariant submodule of M such that M/N is
Hopfian. If N is Hopfian (respectively gH) then so is M .
Proof. Let f :M→M be an epimorphism. Since the induced map f¯ :M/N →
M/N is surjective, it must be an isomorphism, thus N = f−1(N). Therefore
f |N :N→N is an epimorphism. Now if N is Hopfian, Kerf ∩N = 0, and when
N is gH, Kerf ∩N N . Since Kerf N , the result follows. ✷
Proposition 1.17. Let P be a property of modules preserved under isomorphism.
If a module M has the property P and satisfies a.c.c. on nonzero (respectively
nonsmall) submodules N such that M/N has the property P , then M is Hopfian
(respectively gH).
Proof. Suppose M is not Hopfian (respectively gH). Then there exists a sub-
module N1 with N1 = 0 (respectively N1 not small in M) and M/N1  M .
Thus M/N1 is not Hopfian (respectively gH) but satisfies P . Hence there exists
a submodule N2 ⊆ N1 with N2 = N1 (respectively N2/N1 not small in M/N1)
and M/N2 M/N1. So we get 0 ⊂ N1 ⊂ N2 (respectively N1 ⊂ N2 and both
nonsmall in M) with M/Ni  M for i = 1,2. Repeating the process yields a
chain of submodules of the type that contradicts our hypothesis. Therefore M is
Hopfian (respectively gH). ✷
Corollary 1.18. If a module M satisfies a.c.c. on nonsmall submodules then it is
generalized Hopfian.
Proof. We may assume M is nonzero with a.c.c. on nonsmall submodules and
that P is the property of being nonzero. By Proposition 1.17, M must be gH. ✷
Remarks 1.19. (i) Any Artinian module is gH.
(ii) Both the infinite cyclic group and the group∑⊕Zp , where p runs through
the set of prime integers, are Hopfian but have infinite corank as a Z-module.
Hence modules with finite dual Goldie dimension form a proper subclass of gH
modules.
(iii) The gH module ∑⊕Zp fails both a.c.c. and d.c.c. on nonsmall
submodules. Thus the converses of Corollary 1.18 and Proposition 1.15 do not
hold in general.
Corollary 1.20. Let M be a co-Hopfian module that satisfies a.c.c. on submodules
N such that M/N is co-Hopfian. Then M is Hopfian.
Proof. LetP be the property of being co-Hopfian, and apply Proposition 1.17. ✷
Corollary 1.21. If M has a.c.c. on its nonzero submodules N such that M/N is
not Hopfian, then M is Hopfian.
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Proof. Let P be the property of being not Hopfian, and suppose that M is not
Hopfian. By Proposition 1.17, M must be Hopfian. This contradiction proves that
M is Hopfian. ✷
Recall from [7] that a module is called weakly co-Hopfian if any of its injective
endomorphisms is essential.
Corollary 1.22. Suppose that M is weakly co-Hopfian and satisfies the a.c.c. on
nonsmall submodules N such that M/N is weakly co-Hopfian. Then M is gH.
Proof. Let P denote the property of being weakly co-Hopfian. This property is
preserved under isomorphism. Now apply Proposition 1.17. ✷
Our last result in this section is a kind of Fitting’s lemma.
Proposition 1.23. Let M be an R-module with the property that for any R-
endomorphism f of M there exists an integer n 1 such that
Kerf n ∩ Imf nM and Kerf n + Imf n e M. (1)
Then M is simultaneously weakly co-Hopfian and generalized Hopfian.
Proof. Let f :M→M be an R-homomorphism. There exists n 1 such that (1)
holds. If f is surjective then so is f n, i.e., Imf n =M , so we get from the first
relation in (1), that Kerf n M . But Kerf  Kerf n, so Kerf M , and M
is gH. If f is injective then so is f n, hence Kerf n = 0 and from (1) Imf n e M
follows. Since Imf n  Imf , we deduce that Imf e M , and so M is weakly
co-Hopfian. ✷
2. Special stably finite rings
A (right) special stably finite ring is one for which all finitely generated right
modules are gH. Such rings will be characterized in this section. If N and L are
submodules of MR , we write N L M to indicate that for any submodule K
of M with L ⊆ K , the equality K + N =M implies K =M . Given a right R-
submodule K of Rn, an ordered pair (A,B) of n× n matrices over R is said to
be a right pair on K if AK ⊆K , and (AB− In)Rn ⊆K . Here elements of Rn are
viewed as column matrices, and as usual if C ∈ Rn = Matn×n(R) and K  Rn,
the set {x ∈Rn: Cx ∈K} is denoted by (C :K).
Proposition 2.1. Given a right ideal K in a ring R, the following are equivalent:
(1) R/K is gH.
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(2) If (a, b) is a right pair on K then (a :K)K R.
(3) For any right pair (a, b) on K , if M is a maximal right ideal containing K
then bK ⊆M and ba − 1 ∈M .
(4) If (a, b) is a right pair on K , then ba− 1 and bx generate small submodules
in R/K for any x ∈K .
(5) For any right pair (a, b) on K and for any maximal right ideal M
containing K , (a :K)⊆M .
Proof. We shall prove (2) ⇔ (1) ⇔ (4) and (2) ⇒ (5) ⇒ (3) ⇒ (2).
Let f :R/K → R/K be an endomorphism. Then f is given by left multipli-
cation by an element a ∈ R such that aK ⊆K . Conversely left multiplication by
any such element a induces an endomorphism of R/K . Furthermore f is onto
iff there exists b ∈ R with ab− 1 ∈K . Thus surjective endomorphisms of R/K
correspond to right pairs on K . Clearly Kerf = (a :K)/K , and Kerf is a small
submodule iff (a :K)K R. These observations show that (1) ⇔ (2).
(1) ⇒ (4). Suppose that (a, b) is a right pair on K . Then a(ba − 1) =
(ab−1)a ∈K , and so ba− 1= ba−1+K ∈Kerf , where f is the epimorphism
on R/K obtained from (a, b). By (1), f has a small kernel, so ba − 1 generates
a small submodule of R/K . For any x ∈ R, we have abx − x ∈K , and so when
x ∈K , we infer that bx ∈Kerf . Thus (bx +K)RR/K .
(4) ⇒ (1). Let f be an epimorphism of R/K induced by a right pair (a, b)
on K . Suppose Kerf + L/K = R/K for some submodule L containing K . We
can write
1+K = (r0 +K)+ ((0 +K),
where r0 + K is in Kerf and (0 ∈ L. But then ar0 ∈ K , so x = a − a(0 ∈ K .
By (4), bx+K generates a small submodule inR/K . Thus the sum of submodules
generated by bx +K and by ba − 1+K is small. We have
r0 ≡ 1− (0 ≡ 1− (0 − ba + ba(0 + ba − ba(0 (mod K),
r0 +K = (ba − 1+K)((0 − 1)+ (bx +K).
Hence 1+K = (ba−1+K)((0−1)+(bx+K)+((0+K) and so R/K = (ba−
1+K)R+ (bx+K)R+L/K , which implies L/K =R/K . Thus Kerf R/K .
(2) ⇒ (5). Suppose that (a, b) is a right pair on K and M a maximal right
ideal containing K . If (a : K) M , then (a : K) +M = R, and since by (2),
(a :K)K R, we obtain the contradiction M =R.
(5) ⇒ (3). Given that (a, b) is a right pair on K and M a maximal right ideal
containing K , we have (a :K)⊆M . But a(1− ba)= a− aba = (1− ab)a ∈K ,
so 1 − ba ∈ (a : K), and abx = (ab − 1)x + x ∈ K for any x ∈ K . Thus
bK ⊆ (a :K)⊆M .
(3) ⇒ (2). Let (a, b) be a right pair on K and (a :K)+L= R for some right
ideal L containing K . If L = R, then there exists a maximal right ideal M ⊇ L
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such that (a :K)+M = R. By (3), bK ⊆M and ba − 1 ∈M . Let x ∈ (a : K),
then ax ∈ K , so bax ∈M . Clearly (1− ba)x ∈M , hence x ∈M . Thus M = R,
a contradiction. It follows that (a :K)K R. ✷
Proposition 2.2. Being generalized Hopfian and being right special stably finite
are Morita invariants.
Proof. Let R and S be Morita equivalent rings with inverse category equivalences
α : Mod-R → Mod-S, β : Mod-S → Mod-R. Suppose M ∈ Mod-R is gH. To
show that α(M) is gH in Mod-S, let f :α(M)→ α(M) ⊕ X be an S-module
epimorphism where X is a right S-module. Since any category equivalence
preserves epimorphisms and direct sums, we obtain
β(f ) :βα(M)→ βα(M)⊕ β(X),
as an epimorphism in Mod-R. Since βα(M) M , we obtain an epimorphism
M→M ⊕ β(X) in Mod-R, which by Theorem 1.1 implies that β(X)= 0. Thus
X = 0, and α(M) is gH.
Since being finitely generated is a Morita invariant, the second statement now
follows immediately. ✷
Let R be a right special stably finite ring. Since all finitely generated free right
R-modules are Hopfian (by Corollary 1.6) R is indeed stably finite. According
to [4, Theorem 7] if all matrix rings Mn×n(S) are right repetitive then all finitely
generated right S-modules are Hopfian, hence S is a right special stably finite
ring. Moreover, if S is semilocal or equivalently [9] SS (or SS ) has finite dual
Goldie dimension, then S is a special stably finite ring.
The following terminology is used in the characterization of special stably
finite rings. We shall consider elements of the free right R-module Rn as column
matrices, and say that a matrix A ∈ Rn acts surjectively mod a submodule K of
RnR if
ARn +K =Rn and AK ⊆K.
Furthermore A is said to act superfluously mod K if the following condition is
fulfilled:
For any M  RnR such that M has a generating set of n elements, if AM +
K =Rn, then M +K =Rn.
Theorem 2.3. The following are equivalent statements on a ring R.
(1) R is a right special stably finite ring.
(2) For any n, if A ∈Rn acts surjectively mod K where K is a right R-submodule
of RnR , then A acts superfluously mod K .
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(3) For any n, wheneverA,B ∈Rn form a right pair (A,B) on a right ideal K of
Rn then (A :K)M for any maximal right ideal M of Rn that contains K .
Proof. (2) ⇒ (1). Let U be a finitely generated right R-module. We can assume
that U  Rn/K for some integer n and a right R-submodule K of Rn. Let
f :Rn/K → Rn/K be an R-epimorphism. For the standard basis e1, . . . , en
of Rn, let f (ei +K)= vi +K , i = 1, . . . , n, and form the n× n matrix A whose
ith column is vi . Then f (x + K) = Ax + K for any x ∈ Rn, and AK ⊆ K .
Moreover, since f is surjective, ARn+K =Rn. Thus A acts surjectively modK ,
and so by (2) A acts superfluously mod K . We have Kerf = (A : K)/K ,
and if Kerf + L/K = Rn/K for some R-submodule L containing K , then
(A :K)+ L= Rn. Writing ei = xi + ai , with xi ∈ (A :K), ai ∈ L, i = 1, . . . , n,
and setting M = a1R + · · · + anR, we have (A : K) +M = Rn, hence A(A :
K)+AM =ARn. Since A(A :K)⊆K and ARn+K =Rn, K +AM =Rn. As
A acts superfluously mod K , the last equality implies K+M =Rn, thus L=Rn.
This means that f is a small epimorphism, and so it follows that U is gH.
(1) ⇒ (2). Suppose that A ∈Rn acts surjectively mod K , where K RnR . This
induces a well-defined epimorphism f :Rn/K → Rn/K given by f (x +K) =
Ax + K . Suppose AM + K = Rn for some M  RnR . Then f (M + K/K) =
Rn/K , and since by (1), Rn/K is gH, Theorem 1.1 shows that M + K/K
cannot be proper in Rn/K . Therefore M + K = Rn, which shows that A acts
superfluously mod K .
(1) ⇒ (3). This is clear in view of Propositions 2.2 and 2.1.
(3) ⇒ (1). Again (3) means that any cyclic Rn-module is gH in Mod-Rn,
for any n. Now a finitely generated R-module M , generated by n elements
corresponds under the standard Morita equivalence of R with Rn, to a cyclic Rn-
module, so by Proposition 2.2, M has to be gH. ✷
If ϕ :R → S is a ring homomorphism (with ϕ(1) = 1) and M is a right S-
module then Mϕ denotes the right R-module M by pull back along ϕ, i.e.,
mr =mϕ(r) for m ∈M and r ∈ R.
Theorem 2.4. Let ϕ :R→ S be a ring homomorphism and M ∈Mod-S.
(1) If Mϕ is gH then so is MS .
(2) If ϕ is surjective, then MS is gH iff so is Mϕ .
(3) Suppose that ϕ is surjective. If R is right special stably finite, then S is so.
(4) If ϕ is surjective with Kerϕ small as a right (or left) ideal, then R is right
special stably finite iff so is S.
Proof. (1) Suppose f :MS →MS is an epimorphism. Then f :Mϕ →Mϕ is an
epimorphism in Mod-R, so Kerf Mϕ . If (Kerf )S+L=M for some LMS ,
then (Kerf )ϕ +Lϕ =Mϕ , and so L=M . Thus Kerf MS .
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(2) Let f :Mϕ →Mϕ be an R-epimorphism. Since ϕ is assumed surjective,
and f (mϕ(r)) = f (mr) = f (m)r = f (m)ϕ(r), we see that f is an S-module
epimorphism, hence Kerf  MS whenever MS is gH. If Kerf + L = M for
some LMϕ , then for ( ∈ L and s ∈ S, since L⊆MS we can write (s = (ϕ(r)
for some r ∈ R with ϕ(r)= s. Thus (s = (r ∈ L and L is an S-submodule of M
such that (Kerf )S +LS =M . Hence L=M and Kerf Mϕ .
(3) Just observe that MS finitely generated implies that Mϕ is finitely
generated, since ϕ is surjective. Now apply (1).
(4) Suppose that S is right special stably finite. Let I =Kerϕ and N ∈Mod-R
be finitely generated. Then N/NI is a finitely generated S-module, hence it is gH.
By (2), N/NI is gH as an R-module. Since I is assumed small, I ⊆ Jac(R),
hence by Nakayama’s Lemma, NI  N . Moreover, NI is a fully invariant R-
submodule of N . Thus by Theorem 1.1, NR is gH, and it follows that R is right
special stably finite. ✷
Corollary 2.5. Let R = S❏x❑. Then S is right special stably finite iff so is R.
Proof. There is a surjective ring homomorphismR→ S with a small kernel. The
result is immediate from Theorem 2.4(4). ✷
Corollary 2.6. Let I be a nilpotent ideal in a ring R and M ∈Mod-R. If M/MI
is gH as an R/I -module, then MR is gH
3. Generalized Hopfian and small annihilator ideals
This section is devoted to the study of some classes of rings that have one of
the following properties: (i) all right ideals are gH; (ii) all right annihilator ideals
are small.
Proposition 3.1. Let R be a right self-injective ring, I a right ideal such that for
any a ∈R, aI = I implies ab= ba for all b ∈ I . Then I is gH. In particular, any
central ideal is gH.
Proof. Let f : I → I be an R-epimorphism. Since RR is injective, there exists
a ∈ R such that f (b)= ab for any b ∈ I . Thus aI = I and Kerf = r.annI (a).
Suppose Kerf + L = I for some right ideal L. Then aL = aI = I , and from
L⊆ I , aL= La ⊆ L. Thus I = L and Kerf  I . ✷
Corollary 3.2. In a commutative self-injective ring, any ideal is gH.
A ring is said to be strongly right bounded if any of its nonzero right ideals
contains a nonzero ideal.
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Proposition 3.3. Let R be strongly right bounded and I a right ideal of R. If either
I contains a right regular element or R is semiprime, then I is both Hopfian and
weakly co-Hopfian.
Proof. Let f be a surjective R-endomorphism of I . Suppose Kerf = 0, then by
assumption there exists a nonzero ideal L Kerf . We have f (IL) = f (I)L =
IL LKerf , so IL= f (IL)= 0, hence L2 = 0. If I contains a right regular
element then L = 0 follows from IL = 0, and if R is a semiprime ring, then
L2 = 0 implies L= 0. This is a contradiction, hence Kerf = 0 and IR is Hopfian.
Suppose g : IR → IR is a monomorphism, and g(I)∩K = 0 for some nonzero
right ideal K  I . Then g(I) ∩ T = 0 for some nonzero ideal T  K , hence
g(I)T = 0. Thus g(IT ) = 0, so IT = 0 and T 2 = 0. Under either condition
imposed on I or on R we arrive at the contradiction T = 0. Thus g(I) ∩K = 0,
hence g(I)e I . ✷
Corollary 3.4. Any strongly right bounded ring is directly finite.
Proposition 3.5. In a right duo ring every idempotent right ideal is gH.
Proof. Let I be an idempotent right ideal in a duo ring R, and f : I → I an
R-epimorphism. Suppose Kerf +L= I for some right ideal L I . Both Kerf
andL are two-sided ideals, and I Kerf Kerf , ILL. Thus 0= f (I Kerf )=
f (I) Kerf = I Kerf . So from Kerf +L= I we may deduce IL= I 2 = I , thus
I = L. It is now clear that Kerf  I . ✷
Corollary 3.6. Any right duo ring is directly finite.
Proposition 3.7. Let I be a right ideal with a supplement in a directly finite
ring R.
(1) There exists an element x ∈ I such that for any right ideal T  I with x ∈ T
the cyclic module R/T is gH.
(2) R/ Jac(R)+ I is gH.
Proof. (1) Let K be a supplement of I in R. Then K + I = R and K ∩ I K .
Writing 1 = k + x for some k ∈ K and x ∈ I , we have R = kR + xR. If
x ∈ T  IR , then R =K + T , so by [13, 41.1(1)], K is a supplement of T . But
then R/T is gH by Corollary 1.10.
(2) Since Jac(R)R, and I has a supplement, the right ideal Jac(R)+ I has
a supplement, by [13, 41.1(4)]. Again Corollary 1.10 can be applied to deduce
that R/ Jac(R)+ I is gH. ✷
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A ring R is called a right domain if r.annR(x)RR for any nonzero element
x ∈ R.
Proposition 3.8. The following are equivalent statements on a ring R.
(1) R is a right domain.
(2) If 0 = x ∈ R and y ∈R then xy = x implies that y is right invertible.
(3) For any nonzero principal right ideal I if 0 = f ∈ End(IR) then Kerf  I .
Proof. (1) ⇒ (3). Suppose I = aR = 0, f : I → I any nonzero R-homomor-
phism and x = f (a). Then Kerf = {ar: xr = 0}, so Kerf = aB where
B = r.annR(x). Since x = 0, B  R by (1). If g :R → aR is given by left
multiplication by a, then g(B)= aB aR, so Kerf  I .
(3) ⇒ (2). Suppose xy = x = 0. Then (1 − y) ∈ r.annR(x), so r.annR(x)+
yR = R. Clearly R is a nonzero principal right ideal and left multiplication by
x is a nonzero R-endomorphism of RR , so by (3) r.annR(x) R. Thus yR = R
and y is right invertible.
(2) ⇒ (1). Let 0 = x ∈ R, and r.annR(x) + L = R for some L  RR . Then
1= r + ( with xr = 0 and ( ∈ L. Thus x = x(, and by (2) ( is right invertible, so
L=R and r.annR(x)R. ✷
Corollary 3.9. In a right domain any principal right ideal is gH.
Corollary 3.10. Let R be a commutative ring that is also a right domain. For
any n, if A,B are in Rn with AB = A and detA = 0, then B is invertible in Rn.
Proof. We have (detA)(detB) = detA = 0 in R. Thus detB is an invertible
element of R, hence B is invertible in Rn. ✷
Remarks 3.11. (i) The property of being a right domain is not a Morita invariant.
For example, if F is the field of two elements and R = F2 then r.annRe11 is not
small in R.
(ii) Integral domains and local rings are right domains.
Theorem 3.12. If R is a right domain then so is R❏x❑.
Proof. First we observe that a right domain R is a directly finite ring, for RR is
infact Hopfian by Corollaries 3.9 and 1.4. Now suppose that fg = f where
f =
∞∑
j=i
ajx
j , ai = 0, and g =
∞∑
t=0
btx
t .
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Then aib0 = ai in R, which by Proposition 3.8 implies that b0 is right invertible
in R. Since R is directly finite b0 is a unit in R, hence g is a unit in R❏x❑. Thus
again by Proposition 3.8, R❏x❑ is a right domain. ✷
Proposition 3.13. A ring R is a division ring iff it is a right domain and a right
fully idempotent ring iff R is regular and a right domain.
Proof. Suppose that R is a right domain that is right fully idempotent, and let
0 = x ∈ R. From xRxR = xR, we have xr1xr2 = x for some r1, r2 ∈ R. But then
by Proposition 3.8, r1xr2 is invertible. So there exists s ∈R with r1xr2s = 1, and
so xr2sr1 = 1 since R is directly finite. Thus x is right invertible, hence a unit.
Therefore R is a division ring. Since a regular ring is fully idempotent, the other
implication is evident, as are both of the converse statements. ✷
Proposition 3.14. Let R be a right domain. Under any one of the following
conditions, R is a local ring.
(1) R contains a minimal right ideal.
(2) R is right self-injective.
(3) R is right Kasch.
Proof. (1) Let I = xR be a minimal right ideal ofR. Then r.annR(x) is a maximal
right ideal, and if there is a right ideal L such that L  r.annR(x), we have
r.annR(x)+L=R, hence L=R. Thus R contains a unique maximal right ideal,
so it is a local ring.
(2) Since R is a right domain, it does not have any idempotents except 0 and 1.
Thus RR is indecomposable, and since RR is assumed injective, by [13, 19.9(d)]
End(RR)R is a local ring.
(3) Recall from [8, (8.28) Corollary] that a ring is right Kasch iff any of its
maximal right ideals appears as the right annihilator of some ring element. Now
if r.annR(x) is both small and maximal as a right ideal in R, then R is forced to
be local. ✷
Corollary 3.15. If a right Artinian ring R is a right domain then R is right Kasch.
Proof. By Proposition 3.14, R is local (and right Artinian) hence a right Kasch
ring. ✷
We have observed that right domains form a subclass of directly finite rings. In
the next section we introduce yet another subclass of directly finite rings and give
examples to show that all these classes are different.
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4. Special gH modules
An R-module MR is called special generalized Hopfian (sgH for short) if,
whenever f is a left regular element of End(MR), Kerf  M . Clearly sgH
modules form a subclass of gH modules. It will be shown that there are gH
modules that are not sgH; see Examples 4.5 below.
Proposition 4.1. Suppose M is a right R-module such that in End(MR) any left
regular element has a small right annihilator. Then M is Dedekind finite.
Proof. Suppose fg = 1 for some f,g in E := End(MR). Then in E,
(.annE(f )= 0, so r.annE(f ) EE . Let ϕ :E→ E be left multiplication by f .
Then ϕ is an epimorphism of EE , hence Kerϕ = r.annE(f ) is a direct sum-
mand of E. It follows that r.annE(f ) = 0. But then from fg = 1, we have
f (gf − 1) = 0 which yields gf = 1. Therefore E is directly finite, hence MR
is a Dedekind finite module. ✷
Lemma 4.2. Suppose MR is sgH. If f,g ∈ End(MR) such that fg = f and f is
left regular, then g is an epimorphism.
Proof. Since fg = f , Im(1 − g)  Kerf . By assumption Kerf  M , hence
Im(1−g)M . But then from Im(1−g)+ Img =M , we see that Img =M . ✷
Proposition 4.3. Suppose MR is quasi-projective and sgH. Then in End(MR) any
left regular element has a small right annihilator.
Proof. Let f ∈E := End(MR)with (.annE(f )= 0. Suppose r.annE(f )+L=E
for some L  EE . Then fL = fE, and so fg = f for some g ∈ L. By
Lemma 4.2, g is then onto. Since M is quasi-projective, Kerg is a direct summand
of M . Moreover, g is left regular since it is an epimorphism, and so KergM .
Therefore Kerg = 0 and g is an isomorphism. Hence g ∈L implies L=E. Thus
r.annE(f )E as wanted. ✷
Corollary 4.4. The following are equivalent conditions for a ring R.
(1) RR is sgH.
(1′) Any left regular element of R has a small right annihilator.
(2) For any left regular element x , and y in R, xy = x implies that y is a unit.
Proof. (1) ⇔ (1′) is evident.
(1′) ⇒ (2). If x is left regular in R and xy = x for some y ∈ R, then
x(1 − y) = 0, which yields (1 − y)R R by (1′). Since (1 − y)R + yR = R,
y is right invertible.
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By the proof of Proposition 4.1, R is a directly finite ring. Therefore y is
invertible in R.
(2) ⇒ (1′). This is similar to the proof of (2) ⇒ (1) in Proposition 3.8. ✷
A ring that satisfies the equivalent conditions of Corollary 4.4 will be called
a right directly finite ring. We have:
{right domain} ⊆ {right directly finite} ⊆ {directly finite}.
The following examples will show that both inclusions are proper. The ring of part
(2) gives us an example of a free Dedekind finite module that is not sgH. Thus for
modules
{sgH} ⊂ {gH} ⊂ {Dedekind}.
Examples 4.5. (1) Let K be a directly finite ring, having a ring endomorphism σ
(preserving the identity) with an element b such that σ(b)= 0, and b+ 1 nonunit
in K . For example let K = F [y] be the polynomial ring over a field F and take
σ(f (y)) = f (0), b = y . Now form the twisted polynomial ring R =K[x;σ ] in
which xk = σ(k)x for all k ∈K . Thus xb = σ(b)x = 0, and clearly b+ 1 is not
a unit in R. It is not difficult to show that R is a directly finite ring, and that the
element x is left regular in R. Since x(b+ 1)= x , and b+ 1 is not a unit, we see
that R is not a right directly finite ring. It is also easily verified that the twisted
power series ring K❏x;σ ❑ is directly finite but not right directly finite.
(2) Let R be the ring generated over Z by elements x, y with relations y2 = 0
and yx = 0. Then R has a direct sum decomposition R = Z[x] ⊕ Z[x]y as an
Abelian group. Any element of the form f2(x)y is annihilated on the left by y .
Thus a left regular element is of the form f1(x)+f2(x)y with f1(x) = 0. A simple
calculation shows that the units of R are of the form ±1+ f (x)y . Now suppose
f1(x) + f2(x)y is a left regular element for which there exists g1(x) + g2(x)y
with
[
f1(x)+ f2(x)y
][
g1(x)+ g2(x)y
]= f1(x)+ f2(x)y. (∗)
Expanding yields f1(x)g1(x)+f1(x)g2(x)y+f2(x)b0y = f1(x)+f2(x)y where
b0 is the constant term of g1(x). Since f1(x) = 0, we obtain g1(x)= b0 = 1, and
g2(x)= 0. Thus (∗) implies that g1(x)+ g2(x)y = 1 whenever f1(x)+ f2(x)y
is left regular. Hence R is right directly finite. But R is not a right domain since
y(1+ x + xy)= y = 0, and 1+ x + xy is not a unit of R.
Remarks 4.6. (i) There is an analogous notion of left directly finite ring that
is obtained from special generalized Hopfian left R-modules. Specifically a left
R-module M is called sgH if for any left regular element f ∈ End(RM),
Kerf  RM . For RR we have RR is sgH iff for all right regular elements a ∈ R,
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(.annR(a) RR. This is equivalent to the following condition:
For any right regular element a ∈ R and b ∈ R, ba = a implies that b is (left)
invertible.
(ii) A final remark is that left directly finite rings form a proper subclass of
directly finite rings, and this subclass properly contains “left domains.”
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